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Recently a novel grating based x-ray imaging approach called directional x-ray dark-field imaging was
introduced. Directional x-ray dark-field imaging yields information about the local texture of structures smaller
than the pixel size of the imaging system. In this work we extend the theoretical description and data process-
ing schemes for directional dark-field imaging to strongly scattering systems, which could not be described
previously. We develop a simple scattering model to account for these recent observations and subsequently
demonstrate the model using experimental data. The experimental data includes directional dark-field images
of polypropylene fibers and a human tooth slice.
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I. INTRODUCTION

Grating-based x-ray imaging has recently been used to
demonstrate a variety of different contrast mechanisms.1–17

These include phase contrast imaging,1–8 dark-field
imaging,4,7,9–16 and lately also directional dark-field imaging
�DDFI�.17 The latter provides information on structures in the
sample on length scales smaller than the actual image reso-
lution. The method can be used to map, e.g., local fiber ori-
entations and has been demonstrated in a setup using a con-
ventional x-ray tube. DDFI analyzes the angular variation in
the scattering signal. In the first presentation of the method
by Jensen et al.17 the visibility variations were described by
a Fourier series expansion up to the first order, i.e., by a
sinusoidal behavior.

V�j,k,�� � b0�j,k� + b1�j,k�cos�2�� − �1�j,k�� + �� . �1�

In this paper we will extend our previously introduced theo-
retical basis and data interpretation schemes for DDFI to
strongly ordered systems. This becomes necessary as
strongly ordered systems produce highly eccentric scattering
patterns, which can no longer be sufficiently described by the
previously introduced sinusoidal data interpretation for
DDFI.

II. EXPERIMENTAL SETUP

The experimental setup is shown in Fig. 1. The grating
interferometer has previously been described in
detail.3,5,6,9,10,17 It consists of a phase grating �G1� and an
analyzer absorption grating �G2�. The first grating, �G1� gen-
erates a periodic intensity modulation at the position of the
second grating �G2�. The second grating is used to analyze

the position and amplitude of the intensity modulation. When
the phase grating is scanned in the direction perpendicular to
the optical axis and the grating lines, the intensity signal
I�j ,k� for each pixel with coordinates �j ,k� will oscillate as a
function of grating position xg �Fig. 1�b��. Previous work has
demonstrated how the intensity can be well described by a
first-order Fourier expansion4,9
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FIG. 1. �Color online� X-ray grating interferometer. �a� Setup
with a phase grating G1 and an analyzer absorption grating G2. The
sample is rotated around the optical axis. �b� For each angular po-
sition, the grating G1 is scanned along xg, yielding an intensity
modulation Ij,k�� ,xg� for each pixel �j ,k� on the two-dimensional
image detector.
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I�j,k,�,xg� � a0�j,k,�� + a1�j,k,��cos�2�

g2
xg − �1�j,k,��� ,

�2�

where g2 is the period of G2 and � the rotation angle of the
sample around the optical axis.

Scattering in the sample will reduce the oscillation ampli-
tude. The dark-field scatter signal is called the visibility and
describes the reduction in oscillation amplitude. The visibil-
ity is defined as

V�j,k,�� �
a1

s�j,k,��/a0
s�j,k,��

a1
r�j,k�/a0

r�j,k�
. �3�

The superscripts s and r denote the values measured with the
specimen in place � s� and as a reference without � r�. The
visibility, V�j ,k ,�� is an inverse measure of the effective
integrated local small- �and ultrasmall-� angle scattering
power of the sample.7,9,10,17 It will have a value close to 1 for
samples with negligible scattering. For strongly scattering
samples the visibility will be reduced yielding values of V
�1.

As described by Jensen et al.17 the dark-field contrast
arises due to the component of the scattering that happens
perpendicular to the grating lines. The scattering component
parallel to the grating lines will produce only negligible
dark-field contrast. In the following we will develop a model
to describe how the dark-field signal varies as a function of
angle.

III. MODEL

We will begin by assuming that the scattering from a
single point on the sample will result in a 2D Gaussian scat-
tering intensity profile, S2 at the plane of G2. This assump-
tion of a Gaussian scattering distribution corresponds well to
assumptions made when using the dark-field signal for
tomography.13–15 Let the scattering profile S2 be defined as
follows:

S2�x,y� =
1

2��1�2
exp�− �ax2 + 2bxy + cy2�� ,

a ª

cos��1�2

2�1
2 +

sin��1�2

2�2
2 ,

b ª sin��1�cos��1�	−
1

2�1
2 +

1

2�2
2
 ,

c ª
sin��1�2

2�1
2 +

cos��1�2

2�2
2 .

S2 is a 2D Gaussian distribution with the width �1 and �2 in
the two axial directions, and the first axis rotated by the
angle �1. An example of how S2�x ,y� could look like for a
given �1, �2, and �1 is shown in Fig. 2. Since the gratings
are only sensitive to scattering perpendicular to the grating
lines, the dark-field signal will be measuring the projection

of S2 onto the x axis. This corresponds to integrating S2 along
y

S�x� =
1

�2��2
exp	− x2

2�2
 , �4�

�2 =
1

2
��1

2 + �2
2� +

1

2
��1

2 − �2
2�cos�2�1 − �� . �5�

The projection of S2 is thus another Gaussian, S, with the
width �. As mentioned above, the variations in intensity in a
pixel can be described as follows: Ir�x�=a0+a1 cos� 2�

g2
x

−�1�. Since the scattering from a single point is described by
S�x� at the position of the second grating, the perturbed in-
tensity variation can be found as the convolution of the origi-
nal intensity function, Ir�x� and the scattering function, S�x�.

Is�x� = Ir�x� � S�x� ,

=a0 + a1 exp	− 2�2�2

g2
2 
cos	2�

g2
x − �1
 . �6�

Recalling the definition of the visibility from Eq. �3� and
combining with Eq. �6� we see that the visibility varies as

V��1� = exp�− �2

g2
2 ��1

2 + �2
2��exp�− �2

g2
2 ��1

2 − �2
2�cos�2�1

− ��� . �7�

If we include the rotation of the sample, �, during measure-
ment we can rewrite Eq. �7�

V��� = exp�− �2

g2
2 ��1

2 + �2
2��exp�− �2

g2
2 ��1

2 − �2
2�cos�2��

− �1� − �� . �8�

Equation �8� is a full description of how the visibility
changes as a function of ��1 ,�2 ,�1 ,��. The detailed rela-
tionship between the local structure of the sample and the
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FIG. 2. �Color online� Illustration of 2D Gaussian scattering
function, S2�x ,y�, with �1=30°.
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parameters, ��1 ,�2 ,�1 ,�� is subject to further investiga-
tions. We will now take a look at two special cases.

A. Weakly oriented scatterers

In the previous study,17 it was assumed that the visibility
variations were sinusoidal. From the model developed above
�Eq. �8�� we know this is not generally the case. Let K1

�
�2��1

2−�2
2�

g2
2 . The parameter K1 describes how eccentric the

scattering profile is relative to the grating period. We note
that in the special case where K1�0, we can Taylor expand
the second exponential of Eq. �8�

V��� � exp�− �2

g2
2 ��1

2 + �2
2���1 −

�2

g2
2 ��1

2 − �2
2�cos�2�� − �1�

− �� . �9�

We note that in Eq. �9� the visibility varies sinusoidally.
From this we can conclude that if K1�0 that is if the scat-
tering profile has widths that are small compared to the pe-
riod of the second grating, g2, or if the difference between
the widths of the scattering profile are small compared to the
period of the second grating, g2, then the visibility varies
sinusoidal. So weakly scattering samples and samples that
are not strongly oriented will produce sinusoidal visibility
variations. The model presented here is thus consistent with
the previously published methodology for samples with K1
�0. For samples with highly eccentric scattering profiles,
the parameter K1 will be much greater than 0, and the vis-
ibility variations will no longer be sinusoidal.

B. Unscattered photons

In the model described above �Eqs. �8� and �9�� we have
assumed that the entire beam is scattered and no part of it
pass the sample without being scattered. Only the part of the
beam that is scattered can contribute to the reduction in vis-
ibility so if a part of the beam passes through the sample
without being scattered then the visibility cannot be reduced
to zero no matter the width of the scattering profile of the
scattered part of the beam. If, e.g., 40% of the beam is not
scattered then the visibility will take values greater than 0.4.
Such transmission can be included in the model using a con-
stant taking the not scattered part of the beam into account.
Let � be the proportion of the beam that has been scattered.
Then Eq. �6� is replaced by

Is�x� = Ir�x� � ��1 − ��	�x� + �S�x�� ,

=a0 + ��1 − �� + � exp	− 2�2�2

g2
2 
� · a1 cos	2�

g2
x − �1


�10�

and the visibility takes the form

V��� = �1 − �� + � exp�− 2�2�2

g2
2 � , �11�

�2 =
1

2
��1

2 + �2
2� +

1

2
��1

2 − �2
2�cos�2�� − �1� − �� . �12�

The sinusoidal behavior for K1�0 is still valid when we use
Eqs. �11� and �12� to describe the visibility. With the visibil-
ity varying sinusoidally the variations can be described by
the mean and oscillation amplitude, and it is thus not pos-
sible to determine three independent parameters hence
��1 ,�2 ,�� can no longer be uniquely determined. This does
introduce an ambiguity in our model, which does not limit
the ability to describe and predict visibility variations but can
limit the ability to quantify the measured scattering profiles.

In the following we will present experimental data with
K1
1, where the visibility does not vary sinusoidally. The
two examples described will be cases with �=1 and ��1,
respectively. The experimental data will be well described by
the model presented above.

IV. RESULTS

A. Experimental details

The directional dark-field experiments were conducted at
beamline ID19 of the European Synchrotron Radiation Fa-
cility �ESRF, Grenoble� using monochromatic x-rays at an
energy of 17.6 keV.18 The grating interferometer was placed
150 m from the wiggler source. The silicon phase grating
was fabricated by a process involving photolithography and
anisotropic wet etching into silicon.19 The absorption gold
grating was fabricated by a process involving deep x-ray
lithography and gold electroplating.20 The gratings periods
were g1=4.79 �m and g2=2.40 �m. The heights of the
grating structures were 23 �m �G1� and 50 �m �G2�. The
height of G1 was optimized for � phase shift at an x-ray
energy of 17.6 keV. The distance between G1 and G2 was
447 mm, corresponding to the eleventh fractional Talbot
distance.8 The gratings were mounted with the grating lines
horizontally to use the greater coherence in the vertical di-
rection. The images were recorded using a FReLoN CCD
with 2048�2048 pixels with an effective pixel size of
7.46�7.46 �m2.

Each dark-field image was generated using raw images
recorded for 16 different grating position in xg over two pe-
riods. The dark-field signal was extracted from the intensity
modulation I�j ,k ,� ,xg� for each rotation angle using one-
dimensional fast Fourier transforms.

B. Fibers

We use a mesh of polypropylene fibers �PP� to illustrate
the model in a case where �=1. The experiments were made
with 90 angular rotation steps over 180°. The exposure time
for each image was 1.5 s, resulting in a total exposure time
of 36 min. In Figs. 3�a� and 3�b� we see the average visibility
of the fiber mesh. In Fig. 3 we identified sets of ten distinct
points with no fibers, single fibers, and coaxially overlapping
pairs of fibers, respectively. In Fig. 3�b�, a magnified section
of Fig. 3�a�, examples of spots with 0, 1, 2, and several fibers
are marked. In the images we clearly see that point �b� is
placed in the middle of one fiber and point �c� is placed

DIRECTIONAL X-RAY DARK-FIELD IMAGING OF… PHYSICAL REVIEW B 82, 214103 �2010�

214103-3



where two fibers overlap. The fiber diameters are 32 �m and
the pixel size is 7.46 �m. It is thus possible to effectively
probe only x-rays that have passed through the middle of one
or two fibers.

The visibility variation in the four points marked in Fig.
3�b� are plotted in Fig. 3�c�. Upon inspection we see great
variation in the visibility curves for the four different spots.
We also note that some of these visibility variations are
clearly not sinusoidal. The visibility variations for the four
shown points as well as the 30 other identified points have
been thoroughly analyzed using the model we developed
above �Eq. �8��. For all the points the visibility variations
were fitted using the parameters �1, �2, and �1. We see no
effects from the not scattered part of the beam �except in
points with no fibers�. The parameter � is thus set to �=1 for
all fits. In Fig. 3�c� the fits are plotted for the four curves
with black dashed lines. We see that the model described
above can be used to accurately fit the experimentally re-
corded visibility variations.21 The fitted parameters for all

points are printed in Table I. Along with the fitted parameters
�1, �2, and �1, the derived parameter K1 and the standard
x-ray absorption for all points are also printed in the table.
The 30 points were analyzed to give an estimate of the un-
certainty in the measurements. The noted uncertainty for the
associated fitted parameters are the standard deviations over
ten points. Note that the momentum transfer values that are
involved in the generation of the dark-field signal are below
the well-known small-angle x-ray scattering regime. Upon
analysis of the fitted parameters we see that the width of two
fibers �as in point �c�� is double that of the width of one fiber
�as in point �b��. Once the magnitude of the widths of the
scattering profiles has been calibrated we see that with ex-
cellent signal-to-noise ratio we can distinguish one and two
fibers. Note this is not possible with the absorption informa-
tion in this case, where the signal-to-noise ratio is too low to
infer usable information. The noise is also the origin of the
negative absorption in the point without a fiber. In point �d�
multiple fibers are overlapping. We see that there is a negli-

TABLE I. Fitted parameters for points with 0, 1, 2, and several overlapping fibers. The fits were made
using Eq. �8�. Included are also the derived parameter K1 as well as the measured absorption.

Name Fibers Fitted parameters Meas. param. Deriv. param.

�1 �2 �1 Absorption K1

10�0 0.060.004 �m 0.060.004 �m 0 0.60.4% 0

10�1 0.460.02 �m 0.110.01 �m - 1.50.5% 0.3

10�2 0.870.04 �m 0.130.03 �m - 2.30.8% 1.3

�a� 0 0.08 �m 0.08 �m 0.0° −0.2% 0

�b� 1 0.45 �m 0.12 �m 169.9° 1.2% 0.3

�c� 2 0.88 �m 0.12 �m 169.5° 2.8% 1.3

�d� Multiple 2.19 �m 0.14 �m 174.9° 5.5% 8.2
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FIG. 3. �Color online� �a� Average visibility of a polypropylene fiber mesh. �b� Enlargement of part of �a�, height 0.5 mm. �c� Visibility
variation as a function of rotation angle for four different points marked in �b�. Note the nonsinusoidal behavior of the read and cyan lines.
The dashed black lines are model fits to the measured values.
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gible increase in �2 for that point. So we can conclude that
all of the fibers overlap coaxially and thus produce no scat-
tering in the direction perpendicular to their axes.

In the presentation of the model above, we developed a
criteria �K1�0� for when our model predicted the previously
described sinusoidal behavior. The parameter K1 is tabulated
in Table I. In Fig. 3 we note that for one fiber the visibility
variation is sinusoidal as reported in Jensen et al.17 while for
two and more fibers the visibility clearly does not vary sinu-
soidally. For the points with one fiber we note that K1=0.3
�0 which was the criteria for sinusoidal behavior. For two
and multiple fibers we have that K1
1 as expected for non-
sinusoidal behavior. The observations in Fig. 3�c� thus cor-
responds well with our discriminatory parameter, K1. We can
conclude that not all of the experimental data presented here
could satisfactorily have been described by simple sinusoidal
behavior. Our model however provides an accurate descrip-
tion of the variations.

The results clearly demonstrate that for strongly oriented
samples the sinusoidal approach is no longer suitable for
describing the visibility variations. These fibers were in a
simple mesh. Since we use x-rays for this investigation, the
method would have worked equally well if the fibers had
been embedded. The method could thus be used for quality
control for fiber reinforced materials.

Besides using the model for determining the location, ori-
entation, and number of overlapping fibers in each point, the
model presented here could be used to design optimal grating
parameters if interested in a specific problem. If the Talbot
distance is doubled, the width of the Gaussian scattering
function on the detector will double. The effect of a change
in Talbot distance can thus be predicted using the model. A
second important factor is the energy. A change in energy
will both influence the width of the scattering function on the
detector and also reduce the scattering cross section. The
changes in energy and Talbot distance could be tailored to
provide a suitable use of the dynamic range of the visibility
for a given task.

C. Tooth

We use a second sample to illustrate the extended version
of the model with ��1. The sample is a vertical slice of a
human tooth.22 The experiments were made with 128 angular
rotation steps over 360°. The exposure time for each image
was 1.5 s, resulting in a total exposure time of 51 min. The
results are shown in Fig. 4. In Fig. 4�a� the x-ray transmis-
sion is shown outlining the enamel, dentin, and pulp cavity
of the tooth. Dark-field images of the visibility for three dif-
ferent orientations are shown in Fig. 4�b�, whiter represents
stronger scattering. Note that the dentin has the strongest
dark-field signal. In the dentin narrow dark bands displays
small areas of low scattering for the different orientations
�most clearly visible near the red circle for �=0°�. In Fig.
4�c� the visibilities for the three points marked in Fig. 4�b�
are plotted. Narrow peaks of high visibility show that the
scattering is strongly oriented. The peaks are located at dif-
ferent angles, corresponding to different orientation of the
scattering structures in the dentin in each of the three points.

The fits made using the extended model �Eqs. �11� and �12��
are plotted as dashed black lines. We see that the baselines
vary and are greater than 0. The narrow peaks and the non-
zero baseline show that a part of the beam has not been
scattered. This partially scattered beam indicates that ��1
and the extended model is needed to describe the observed
visibility changes. The variation in baseline shows that a
different proportion of the beam is unscattered through dif-
ferent parts of the tooth.

Some of the visibility curves show more than two peaks.
The multiple peaks could be caused by the overlapping of
different structures due to the thickness of the sample
�500 �m�. In our analysis we have focused on the most
pronounced peaks for each point.

We believe that the dentin tubuli are the origin of the
scattering signal. The sample was dry when measured, and
the empty tubuli hence will produce a very strong small-
angle scattering signal. It is also possible to use the widths of
the fitted Gaussian scattering profile to estimate the q-space
scattering vector they correspond to. For the dentin the
Gaussian has a fitted major �minor� axis on G2 of
�11��0.5� �m �data not shown�. One can use this and the
G1-G2 distance to calculate the corresponding reciprocal
scattering vector. The reciprocal scattering vectors corre-
sponds to a real-space distance of �2.5��50� �m. We rec-
ognize the shorter distance to be close to the known size of
the dentin tubuli while the long distance corresponds to the
coherence length of the beam, which is thus the limiting
factor for the narrow part of the scattering function. This
supports the notion that the tubuli are the origin of the scat-
tering signal.

The fits shown in Fig. 4�c� were made for all points on the
sample. In Fig. 4�d� the parameter � is plotted showing the
part of the beam that has been scattered. Note how the scat-
tering decreases away from the pulp cavity. This corresponds
well with the known property that the tubuli exists in higher
concentrations closer to the pulp cavity. Note also that we
can detect little or no scattering in the enamel and near the
dentin enamel junction. In Fig. 4�d� points with no sample
have been colored black for clarity.

The local eccentricity �e����1
2−�2

2� /�1� is plotted in
Fig. 4�e�. The eccentricity shows the dentin is most strongly
aligned close to the pulp. The eccentricity has values up to
more than 30. This indicates a very strong preferred orienta-
tion and correlates well with the observation of the very nar-
row peaks in the visibility in Fig. 4�c� and the narrow dark
bands in Fig. 4�b�. Only when the tubuli are aligned with in
a couple of degrees of parallel with the grating lines do they
produce no signal in the visibility.

The eccentricity has in Fig. 4�f� been combined with the
ordering direction of the tubuli in the dentin. The color wheel
shows the orientation of tubuli in the dentin, corresponding
to the position of the peak �+90°� in the visibility in Fig.
4�c�. In the figure the eccentricity is mapped onto the inten-
sity of the colors. The orientation we see in Fig. 4�f� corre-
sponds to the dentin tubuli which are mainly oriented radi-
ally away from the pulp cavity. For both Figs. 4�e� and 4�f�
only points with �
0.15 have been plotted for clarity, thus
omitting pixels where only a small part of the beam has been
scattered. The orientation in the enamel is not observable in
the presented measurements.
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The results presented in Fig. 4 demonstrate how the pa-
rameter � included in the extended model can help us under-
stand the visibility variations in strongly aligned samples.
The observed visibility is clearly not sinusoidal and the
model presented here is hence necessary to interpret the re-
sults. It is noteworthy that this is an extreme case of strongly
oriented scattering.

We also see how the directional dark-field measurement
provides multiple images containing complementary infor-
mation. The absorption provides information about the den-
sity in the sample, the eccentricity about the degree of order-
ing, �1 about the ordering direction and � about the
integrated scattering cross section. All of these parameters
can be combined to get a better understanding of the inves-
tigated samples �Fig. 5�.

The orientation of the tubuli in the dentin is important for
a number of reasons. The orientation is necessary to under-
stand and model the mechanical properties of teeth. Recently
it has also been suggested that future dental filling should
mimic the micro and nanostructure of the teeth.23 For this to

be possible it is necessary to image and understand the nano-
structure of the teeth. The use of directional dark-field imag-
ing for this purpose will be particularly interesting when the
method is extended into three dimensions. This however still
requires the development of novel tensorial x-ray computer
tomography reconstruction algorithms, which presently do
not exist.

V. CONCLUSION

We have developed a simple scattering model to describe
the angular variations of the visibility in grating based direc-
tional dark-field imaging. The presented model is consistent
with previously described methodology while extended to
cover also strongly ordered systems which are not well de-
scribed by the previous model. The novel model was experi-
mentally verified using a fiber mesh sample and a slice of a
tooth.

We demonstrated an example of how directional dark-
field imaging could be used to determine both the position
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FIG. 5. �Color online� Enlarged version of Fig. 4. Imaging of tooth slice. �a� X-ray transmission image. �b� Dark-field images for three
different sample orientations �. �c� Visibility V�j ,k ,�� as a function of � for three different sample regions. �d� The parameter � describing
the proportion of beam that has been scattered. �e� Map of the eccentricity of the fitted local scattering profile. �f� Combined color
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mapped onto the image color, using the color wheel displayed in the bottom left corner. Length scale given in �d�–�f�.
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and orientation of fibers as well as being used to, once cali-
brated, count the number of overlapping fibers in a given
point. The presented model adds to the possible application
of directional dark-field imaging for nondestructive testing of
for example fiber reinforced materials. It is important to note
that the method has previously been demonstrated with a
conventional x-ray tube17 and one could thus envisage wide-
spread application of the method.

We developed the model further including a term account-
ing for the not scattered part of the beam. This was used to
map the orientation and the eccentricity of the scattering of
the tubuli in the dentin. This example demonstrated that di-
rectional dark-field imaging can be used for samples exhib-
iting highly eccentric scattering profiles.

The study of the tubuli in the dentine in teeth will be
particularly interesting when the method is extended to three

dimensions. As mentioned this however still requires the de-
velopment of novel tensorial x-ray computer tomography re-
construction algorithms, which presently do not exist.
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